We give a method to embed the q-series in a (p, q)-series and derive the corresponding (p, q)-extensions of the known q-identities. The (p, q)-hypergeometric series, or twin-basic hypergeometric series (different from the usual bibasic hypergeometric series), is based on the concept of twin-basic number [n] p,q = (p n −q n )/(p−q). This twin-basic number occurs in the theory of two-parameter quantum algebras and has also been introduced independently in combinatorics. The (p, q)-identities thus derived, with doubling of the number of parameters, offer more choices for manipulations; for example, results that can be obtained via the limiting process of confluence in the usual q-series framework can be obtained by simpler substitutions. The q-results are of course special cases of the (p, q)-results corresponding to choosing p = 1. This also provides a new look for the q-identities.
Introduction
For the two-parameter quantum group GL p,q (2) the fundamental representation is given by the T -matrix,
whose elements satisfy the commutation relations ab = p −1 ba, cd = p −1 dc, ac = q −1 ca, bd = q −1 db,
consistent with the equation
R(T ⊗ I)(I ⊗ T ) = (I ⊗ T )(T ⊗ I)R,
corresponding to the R-matrix R = (pq) 
The two-parameter quantum algebra, U p,q (gl(2)), dual to GL p,q (2) , is generated by {Z, J 0 , J ± } satisfying the commutation relations
To realize this algebra (5), a (p, q)-oscillator algebra,
was introduced in [1] generalizing/unifying several forms of q-oscillator algebras well known in the earlier physics literature related to the representation theory of singleparameter quantum algebras. The algebra (6) is satisfied when
When p = q or p = 1 the algebra (6) becomes two different versions of the q-oscillator algebra related to the representation theory of U q (sl (2) ). The relations (5 and (7) suggest immediately a generalization of the Heine q-number,
to a (p, q)-number as
If we define a (p, q)-derivative bŷ
Several properties of this (p, q)-number (9), which we will now call as the twin-basic number, including the elements of (p, q)-calculus following from (10) were studied very briefly in [1] . [3] also, independently, introduced the (p, q)-number in the physics literature, but in a very much less detailed manner. They also introduced the (p, q)-oscillator and the (p, q)-number in the same context of realization of U p,q (gl(2)). It is a surprising fact that around the same time, without any connection to the quantum group related mathematics/physics literature, Wachs and White [4] introduced the (p, q)-number, defined as (p n − q n )/(p − q), in the mathematics literature while generalizing the Sterling numbers, motivated by certain combinatorial problems (for further generalizations and applications in this direction see [5] ). In physics literature, Katriel and Kibler [6] defined the (p, q)-binomial coefficients and derived a (p, q)-binomial theorem while discussing normal ordering for deformed boson operators obeying the algebra (6). Smirnov and Wehrhahn [7] gave an operator, or noncommutative, version of such a (p, q)-binomial theorem. Floreanini, Lapointe and Vinet [8] related the algebra (6) to bibasic hypergeometric functions [9, 10] . Burban and Klimyk [11] studied the (p, q)-differentiation, (p, q)-integration, and the (p, q)-hypergeometric series r Ψ r−1 in detail. Gelfand, et al. [12, 13] generalized the two-parameter deformed derivative (10) and developed a very general theory of deformation of classical hypergeometric functions. Their general formalism of deformed hypergeometric functions is based on a u-derivativê
where u(z) is an arbitrary entire function. This leads to a u-calculus and a unified exposition of the classical theory and the q-theory and results in new u-analogues of classical hypergeometric functions. The (p, q)-hypergeometric series corresponds to the
. Generalizing the definition of r Ψ r−1 by Burban and Klimyk [11] , one of us defined the general (p, q)-hypergeometric series r Φ s and derived some related preliminary results [14] . Some applications of the (p, q)-hypergeometric series in the context of representations of two-parameter quantum groups have been considered by Nishizawa [15] and Sahai and Srivastava [16] .
In the present work we shall deal only with the (p, q)-hypergeometric series as defined in [14] . We introduce a method of application of the (p, q)-series to convert the various well known q-identities into their (p, q)-analogues; after the conversion the resulting (p, q)-identities offer more choices for symbolic manipulations transcending the applications of the original q-identities and in fact give a new look to the latter.
Twin-basic hypergeometric series r Φ s
Let us recall some basic definitions from the theory of q-hypergeometric series [17] . The q-shifted factorial is given by
the q-hypergeometric series, or the basic hypergeometric series, r φ s is defined as
Let us now call the (p, q)-number (9) as twin-basic number and define the twin-basic analogues of (13) and (14) as follows:
Note that
Then, the (p, q)-analogue of (15), the (p, q)-hypergeometric series, or the twin-basic hypergeometric series, can be defined as
with |q/p| < 1 [14] . Though, generally, we shall assume 0 < q < p, p and q can also take other values if there is no problem with convergence of the particular series involved in a result. When
. . , b s,q = b s , and p = 1, r Φ s −→ r φ s . Special interesting choices for (p, q), from the point of view of quantum groups, are (q −1/2 , q 1/2 ), (q −1 , q) and, more generally, (p −1 , q). Throughout the paper we shall assume |z| < 1. Also, we shall assume all the parameters to be generic, with nonzero values, unless specified otherwise. While referring to the classical results of the q-series we shall use the standard notations as in [17] (see also [21] ). Often, the parameter doublets (a p , a q ), (b p , b q ), etc., will be denoted by different symbols according to the convenience of the situation and such notations should be clear from the context.
Let us recall the definition of a bibasic hypergeometric series with two bases q and q 1 [9, 10] (see also [17] ):
where
It is clear that in (20) the two unconnected bases q and q 1 are regarded are assigned partially to different numerator and denominator parameters whereas in the twin-basic hypergeometric series (19) the twin base parameters p and q are inseparable and assigned to all the numerator and denominator parameter doublets. Let
With
it may be noted thatD
Then it is seen that r Φ s satisfies the (p, q)-difference equation
When
Let us now construct a method to embed the usual r φ s -series (15) in the r Φ s -series (19) . To this end, we note ((la, lb);
for any arbitrary nonzero l, and
Thus, we can write, formally,
assuming that the given r φ s -series is convergent or terminating. Hence any well behaved φ-series can be written as a Φ-series. But, the converse is not true, in general; in the general case, when p = 1, this is possible only for an r Φ r−1 . To see this, it is enough to look at 0 Φ 0 :
which shows that 0 Φ 0 becomes a φ-series if and only if p = 1. Similarly, one is easily convinced that a generic r Φ s -series cannot be identified within the class of φ-series unless p = 1 or s = r − 1 (the first case in the above equation (27)). It is thus clear that the (p, q)-series is a larger structure in which the q-series gets embedded. Also, note that in the usual theory of φ-series there is no direct analogue for the choice a ip = 0 or b ip = 0, for any i, permissible, in general (of course, subject to conditions of convergence and so on), in the case of the (p, q)-series; to obtain a corresponding result in the case of the φ-series one will have to resort to the limit process of confluence, namely, replacing z by z/a r and taking the limit a r −→ ∞. As an example consider the following. As is well known, in the definition of the usual q-hypergeometric series (15), presence of the factor ((−1) n q n(n−1)/2 ) 1+s−r (absent in the earlier literature [18, 19, 20] ) leads to the useful relation lim
For the (p, q)-hypergeometric series (19) the corresponding property is: 1p , a 1q ) , .., (a (r−1)p , a (r−1)q )(0, 1);
Let us also note down the converse of (27) in the case s = r − 1:
Another set of relations often useful are
and its obvious generalizations containing several factors in the numerator and denominator. Manipulations using the above relations take the usual q-identities to (p, q)-identities. The original q-identities are, of course, special cases corresponding to the choice a 1p = a 2p = . . . a rp = b 1p = b 2p = . . . = b r−1,p = 1, and p = 1. We shall consider a few examples below.
(p, q)-Binomial theorem
The usual q-binomial theorem is
The (p, q)-analogue of this is given by
Proof : Let us rewrite (33) as
Using (27) and (32), we have
Now, taking ζ = za/p, we get
Using the arguments of (25) and (32), by pulling out powers of a/p in the numerator and denominator of the r.h.s., the (p, q)-binomial theorem (34) follows. The usual q-binomial theorem (33) is recovered when a = 1 and p = 1. The (p, q)-binomial theorem obtained in [11] is a special case of (34) corresponding to the specific choice (a, b) = (q −a/2 , p a/2 ) and (p, q) = (q −1/2 , p 1/2 ). An interesting feature of the (p, q)-binomial theorem (34) may be noted here. The product n i=1 1 Φ 0 ((a ip , a iq ); −; (p, q), z) is seen to be an invariant under the group of independent permutations of the p-components (a 1p , a 2p , . . . , a np ) and the q-components (a 1q , a 2q , . . . , a nq ) . This product has value 1 if the n-tuple of p-components (a 1p , a 2p , . . . , a np ) is related to the n-tuple of q-components (a 1q , a 2q , . . . , a nq ) by a mere permutation.
For n = 2 this result implies that
A special case of this relation is
Recognizing that
where e q (z) and E q (z) are the canonical q-exponentials, the well known relation
follows from (39). It should be noted that, while in the usual q-theory [17] e q (z) is 1 φ 0 (0; −; q, z) and E q (z) is 0 φ 0 (−; −; q, −z), in the (p, q)-series formalism both e q (z) and E q (z) belong to the same 1 Φ 0 -series. This result suggests the natural definitions
for the (p, q)-exponentials such that
For p = 1, e 1,q (z) and E 1,q (z) become e q (z) and E q (z) respectively. For n = 3 the above general result and the relation (38) imply
Now, if we take u = 1, v = a, w = ab and p = 1 then this equation (45) is just the well known product formula for 1 φ 0 , namely,
in view of the relation (31). Thus we get a new way of looking at the product formula (46) within the (p, q)-series formalism.
(p, q)-Binomial coefficient
The definition
provides a natural generalization of the q-binomial coefficient. In terms of the (p, q)-number the (p, q)-binomial coefficient (written without the subscript p, q) becomes
where, as usual,
Then, the result
follows by taking a = p n and b = q n in (38). The relation (50) is obviously a generalization of the result
If we take p = 0 in (50) we get, correctly of course,
It should be noted that there is no analogue for the choice p = 0 in the usual q-series formalism. We can also take the limit p −→ q = 1. Then, the equation (50) takes the form
Thus, it is seen that, though a (p, q)-identity may be derived starting with a q-identity, the (p, q)-identity offers more choices for manipulations. If we choose (p, q) = (q −1 , q), then, the identity (50) becomes
with
which should be relevant in the context of quantum groups.
From (50), let us take
Using (25) and taking z = ζ q /ζ p , we can rewrite (56) as
Now, renaming pζ p and p n ζ q as a and b, respectively, we get
The (p, q)-binomial theorem derived in [6] , using the recursion relations of the (p, q)-binomial coefficients, corresponds to (58) with the notations a = l, b = −x. An operator, or noncommutative, form of the q-binomial theorem is known [17] : If x and y are noncommuting variables such that xy = qyx, q commutes with x and y, and the associative law holds, then
A (p, q)-extension of this result is derived in [7] , in a specific context of a quantum group. This result can be stated in a general form as follows:
where ab = p −1 ba, xy = qyx, all other commutators among the variables {a, b, x, y} vanish, p and q commute with {a, b, x, y}, and the associative law holds. Proof of (60) follows by replacing in (59) q by q/p and (x, y) by (ax, by), and reexpressing the result in terms of p, q, a, b, x, and y. In deriving the second part of (60) one has to use the formula ((a, b); (p, q)) n = (−1) n a n b n (pq) n(n−1)/2 ((a 
has the following (p, q)-analogue: 
Using (27) and following arguments of the type used in (32) we can rewrite this equation as
